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We have estimated the degree of departure from one-dimensionality 
of the relative humidity field during evaporation from a capillary, 
allowing for interaction of the vapor and liquid phases according to 
the Deryagin-Nerpin-Churaev theory. The boundary conditions for 
the non-one-dimensional problem have been formulated. An analyti- 
cal solution has been obtained for a non-one-dimensional relative 
humidity field in a capillary under simptifying assumptions. 

F o r  a long t i m e  the t r a n s f e r  to the  a t m o s p h e r e  of 
m o i s t u r e  s i t ua t ed  deep  in a c a p i l l a r y  has  been  r e g a r d e d  
a s  the  mot ion  of m o l e c u l e s  e v a p o r a t e d  f r o m  the  m e -  
n i s c u s  of a l iquid  [ t ] .  A p p r e c i a b l e  c o n t r a d i c t i o n s  b e -  
tween  t heo ry  ann e x p e r i m e n t  [3] have  of ten been  ob-  
s e r v e d .  The au tho r s  of r e f e r e n c e s  [4 -6]  have  pointed 
out  that  the o b s e r v e d  l aws  of evapo ra t i on  f r o m  cap -  
i l l a r i e s  can b e  exp la ined  by  the fac t  that ,  in addi t ion  
to the  above  p r o c e s s  in the  t r a n s f e r  of m a s s  to the  
c a p i l l a r y  out le t ,  a p a r t  m a y  be  p layed  by  a s t r e a m  of 
l iquid  caused  b y  the d i s jo in ing  p r e s s u r e  g r a d i e n t  [7], 
f lowing in a f i l m  o v e r  the c a p i l l a r y  wa l l s .  A c o n s i d e r -  
ab le  f r a c t i o n  of the total m a s s  f lux f r o m  the c a p i l l a r y  
i s  tha t  due to evapo ra t i on  f r o m  the f i lm .  Thus,  phase  
t r a n s f g r m a t i o n s  a t  the i n t e r f a c e  be tween  f i lm  and 
v a p o r  a r e  a s u b s t a n t i a l  component  of the  i n t r a c a p i l l a r y  
m a s s  t r a n s f e r  p r o c e s s ,  and in g e n e r a l  a d i r e c t  a l l ow-  
ance  should be  m a d e  f o r  i n t e r p h a s e  t r a n s f e r .  

In s o m e  c a s e s  (for  e x a m p l e ,  f o r  c a p i l l a r i e s  with a 
c o n s i d e r a b l e  r a t i o  of d i s t a n c e  f r o m  m e n i s c u s  to c a p -  
i l l a r y  ou t le t  l to r a d i u s  R, with l a r g e  d r o p s  of r e l a -  
t ive  humid i ty  ~ be tween  the m e n i s c u s  and the out let)  
t h e r e  i s  r e a s o n  to suppose  tha t  the  r a t e  of e v a p o r a t i o n  
f r o m  the s u r f a c e  of the  l iquid  f i l m  is  s m a l l ,  and the  
g r a d i e n t s  of q~ ove r  a c r o s s  s ec t i on  of the  c a p i l l a r y  
a r e  s m a l l  in c o m p a r i s o n  with g r a d i e n t s  of ~ in the 
longi tud ina l  d i r e c t i o n .  The p r o c e s s  of i n t r a c a p i l l a r y  
m a s s  t r a n s f e r  in s y s t e m s  l ike  th is  m a y  be  r e g a r d e d ,  
with suf f ic ien t  a p p r o x i m a t i o n ,  a s  o n e - d i m e n s i o n a l ,  
whi le  m a s s  t r a n s f e r  be tween  the l iquid and the v a p o r  
i s  accoun ted  fo r  hy in t roduc ing  the  condi t ion  of con-  
s t an t  to ta l  f lux of both  p h a s e s  a t  e v e r y  sec t ion  of the 
c a p i l l a r y .  An a n a l y s i s  b a s e d  on these  a s s u m p t i o n s  
was  conducted in [4 -6 ] .  The ques t ion  of the a p p l i c a -  
b i l i t y  of the  n u m e r i c a l  r e s u l t s  of th is  a n a l y s i s  to s p e -  
c i f ic  condi t ions  i s  c l o s e l y  connec ted  with the d e g r e e  
of a p p r o x i m a t i o n  of the f i e ld  ~0 in t hese  condi t ions  to 
the  o n e - d i m e n s i o n a l .  

We wi l l  examine  the m o d e l  ( s ee  f igure)  u sed  in 
r e f e r e n c e s  [4 -6 ] .  E v a p o r a t i o n  f r o m  a s ing le  c a p i l l a r y  
of r a d i u s  R in the  s t eady  r e g i m e  under  i s o t h e r m a l  
condi t ions  p r o c e e d s  in such a way that  the d i s t a n c e  
be tween  the m e n i s c u s  and the c a p i l l a r y  ou t le t  is  con-  
s t an t .  The c a p i l l a r y  wa l l s  a r e  cove red  b y  a f i l m  of 
l iquid  of t h i cknes s  h, and the r e l a t i v e  humid i ty  of the 

a i r  o v e r  the  m e n i s c u s  and the out le t  of the  c a p i l l a r y  
i s  cons tan t .  

A t en ta t ive  e s t i m a t e  of the d e g r e e  of o n e - d i m e n s i o n -  
a l i ty  of the  f i e ld  of ~ in the c a p i l l a r y  may  b e  ob ta ined  
a s  fo l lows .  Since file ang le  of inc l ina t ion  of the  f i lm  
s u r f a c e  to the  c a p i l l a r y  ax i s  i s  s m a l l ,  r e g a r d i n g  the 
f i l m  as  o n e - d i m e n s i o n a l ,  we m a y  w r i t e  down the f low 
of l iquid in the  f i lm  a s  

g t = L z  0__..~ , 
Ox 

Lt = 2:~Rpf(h--ho) 3 R~T (1) 
3v M ~  

The x ax i s  i s  d i r e c t e d  a long the  c a p i l l a r y  a x i s  f r o m  
the out le t  to the m e n i s c u s .  

The connect ion  be tween  ~ and the d i s jo in ing  p r e s -  
s u r e  II in the f i lm  is  g iven by the we l l -known equat ion 

1I+  ~ pRcT Incp. (2) 
R /14 

The to ta l  i n c r e m e n t  of v a p o r  f low in the whole d i s t a n c e  
I i s  equal to the d i f f e r e n c e  in l iquid  f low in the f i lm  
be tween  the l eve l  of the m e n i s c u s  and the ou t le t .  At  
the s a m e  t ime ,  th is  i n c r e m e n t  A g  v is  equal  to the 
p r o d u c t  of the conduc t iv i ty  of the vapor  phase  L v and 
the r a d i a l  g r a d i e n t  ~ / 0 r ,  a v e r a g e d  o v e r  the  phase  
i n t e r f a c e ,  and the a r e a  of the  phase  i n t e r f a c e  a r e a  
f r o m  m e n i s c u s  to out le t :  

O~ 2 ~ R l = _ _ A g t = g l , m _ g l , o ,  h g v =  Lv 

T. v-'- DPM 
R :  (Pip s ---~) (3) 

F r o m  (3) i t  fo l lows that  

0r 

The condi t ion of o n e - d i m e n s i o n a l i t y  has  the f o r m  

I. 
The d e g r e e  of o n e - d i m e n s i o n a l i t y  of the f i e ld  ~ a t  

the  l eve l  of p lane  x i s  d e t e r m i n e d  by  Wx: 

W~= ~ : ~ . ~ =  2~----R1- X (6) 

x [L'" ( o,p L ,o( 
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The r a t i o s  of the g r a d i e n t s  e n t e r i n g  into (6) i s  g iven 
a p p r o x i m a t e l y  f r o m  the equat ion 

A g v . x - - - - - h g l . x = L l  m O~ - - L l  x O~ t = 
�9 O x  m Ox Ix 

We d e s i g n a t e  L l/2~rRZLv = H, and,  put t ing Lv,  o 
Lv,  m ~ Lv,x  ~ L v, we w r i t e  (6) in the f o r m  

R (2H~ + 1) (n  m - -  Ho) W x _ - - - -  
l (2Hrn+ l ) ( 2 H o +  l) 

It i s  ev iden t  that  the  9 f i e ld  m a y  be  m a d e  o n e - d i m e n -  
s iona l  only in the r e g i o n  W x << 1. We put  W x _< 0 .1 .  
Then the r eg ion  of o n e - d i m e n s i o n a l i t y  of the  f i e ld  i s  
d e t e r m i n e d  by  the condi t ion  

H ~ - - H ~  = Q . ~  2H~ 1 2Hm - - 1 ] . ( 7 )  
H o 2H o R H m - - H  o 

A s s u m i n g  the va lue s  u s e d  in [4] f o r  the  a p p r o p r i a t e  
p a r a m e t e r s ,  we f ind tha t  when R _>_ 10 -s  cm,  Hm ~ 

500. W h e n 9  x ~ 9  o ~  1 

~ - ~ o  h~ - h~o / - - . ~  ~ - - I n  q~ In % . ~  ~0x ~ ~o 
Ho h3o ~o / ~o ( 1 - -  q~x) " 

Then condi t ion  (7) m a y  b e  w r i t t e n  in the  f o r m  

qDo.~q~x ~ ~o(Q+ 1) 
1 4-Q~o 

In p a r t i c u l a r ,  when 90 = 0 .9 ,  l / R  = 10, R = 10 -5 cm,  
0 .9  _<_< 9x _< 0 .95 .  

Thus,  the inequa l i ty  (7) p e r m i t s  us  to e s t i m a t e  the  
r a n g e  of v a r i a t i o n  of 9x, f r o m  the to ta l  d r o p  a~ = r  
w h e r e  the o n e - d i m e n s i o n a l  a p p r o x i m a t i o n  i s  a l l owab le .  
In the  s p e c i a l  c a s e  w h e r e  we a r e  d i r e c t l y  a t  the m e -  

n i s cus ,  Wx = ~ H m - - H ~  and when R > 10 -s  cm 
l 27/0 4- 1 

and 90 -- 0 .9  Wx -> 50 R / l ,  i . e . ,  the dev ia t ion  of the 
f i e ld  f r o m  the o n e - d i m e n s i o n a l  i s  l a r g e .  At  the  s a m e  
t i m e ,  i t  i s  p r e c i s e l y  in the  r eg ion  n e a r  the  m e n i s c u s  
tha t  t h e r e  a r e  e s p e c i a l l y  l a r g e  v a r i a t i o n s  in the  th ick-  
n e s s  of the f i l m  with height ,  so that  e v a p o r a t i o n  f r o m  
the f i lm m a k e s  a r e l a t i v e l y  l a r g e  con t r ibu t ion  to the  
t o t a l  f low. 

If we e s t i m a t e  th is  con t r ibu t ion  on the b a s i s  of con-  
s i d e r a t i o n s  s i m i l a r  to the  fo rego ing ,  we obta in  

A gl .  x/ Agl,o = (Hm--H~)(2H o 4- 1)/(Hm--Ho) (2H~ 4- 1). 

Thus,  f o r 9  o = 0 .9 ,  l / R  = 10, R -- 10 -~ cm A g / , x /  
/ A g l ,  o ~ 0 .4 .  

In o t h e r  words ,  the con t r ibu t ion  to the  to ta l  f low 
of m o i s t u r e  due to evapo ra t i on  f r o m  the f i lm  in the 
r e g i o n  w h e r e  the f i e ld  9 i s  not  o n e - d i m e n s i o n a l  i s  
qui te  l a r g e ,  and, in such c a s e s  of a n a l y s i s  of i n t r a -  
c a p i l l a r y  m a s s  t r a n s f e r ,  i t  i s  n e c e s s a r y  to a l low fo r  
m a s s  t r a n s f e r  be tween  the p h a s e s  in e x p l i c i t  f o r m .  

With th is  ob j ec t i ve  the  condi t ion  of to ta l  f low of 
l iqu id  and v a p o r  at  any c r o s s  s ec t i on  of the c a p i l l a r y  

should b e  r e p l a c e d  by  the  condi t ion  of c o n s e r v a t i o n  
of m a s s ,  app l i ed  at  the  v a p o r - f i l m  i n t e r f a c e ,  

Ogl _ 2~ (R - -  h) DPM grad n % (8) 
Ox R~T (P/p s - -  (~) 

H e r e  g r a d  n 9 i s  the g r a d i e n t  of Q in the d i r e c t i o n  of 
the  i n t e r i o r  n o r m a l  to the  f i lm .  

Iiv 
C a p i l l a r y  m o d e l  with 
a wet t ing  f i l m  in which 
the  d i s t a n c e  f r o m  the  
m e n i s c u s  to the  ou t l e t  
r e m a i n s  cons tan t  [3]. 

F o r  s i m p l i f i c a t i o n ,  we wil l  e xa mine  the r e g i o n  
0 -< x -< l in the  c a p i l l a r y  with p lane  s u r f a c e s  at  x = 

= 0 a n d x  = l .  We a s s u m e  t h a t x = l ,  9 ~ 9 2 ,  and 
when x = 0, 9 = 91 (91 i s  the  given r e l a t i v e  humid i ty  
of the a i r  in the s u r r o u n d i n g  med ium) .  A c c o r d i n g  to 
the condi t ion of c o n s e r v a t i o n  of m a s s  in the c a p i l l a r y ,  

div. grad gv = 0. (9) 

Taking  the non l inea r  p a r t  of (9) to b e  s m a l l ,  we w r i t e  

div.grad ~ = 0. (10) 

When R >> h o r  when t h e r e  i s  l i t t l e  v a r i a t i o n  in 
f i lm  th i cknes s  a long the c a p i l l a r y  (when [h(/) - h(0)] /  
/ l  << 1), the  i n t r a c a p i l l a r y  v a p o r  r e g i o n  m a y  be  a p -  
p r o x i m a t e d  by  a c y l i n d e r .  Then g r a d  n 9 = - g r a d  r 9 ,  
and condi t ion  (8) m a y  be  w r i t t e n  in the f o r m  

Ogl _ 2~:(R--h)  DPM 0 ~ .  (11) 
( P - - = c p )  Or Ox Rc T ~ . 

In d i f f e r e n t i a t i n g  (1) we take  into account  v a r i a t i o n  
of h(x) and 9 a long the length  of the c a p i l l a r y .  With-  
out  a l lowing  fo r  the  i o n - e l e c t r o s t a t i c  componen t  of 

3 - -  

the  d i s jo in ing  p r e s s u r e ,  h = ~/-k/H, w h e r e  k i s  con-  
s tan t ,  and 

Oh hpRcT O~ (12) 
Ox 3MIIq~ Ox 

We in t roduce  the new v a r i a b l e s  ~ = x / l  , 7? = r / R ,  

the  funct ion U = 9 - 91, and d e s i g n a t e  92 - 91 = ~ .  
In the  new v a r i a b l e s  Eq. (11) with the a p p r o p r i a t e  
b o u n d a r y  condi t ions  m a y  b e  w r i t t e n  as  

OW 1 OU R ~ 0~ 
- -  4 -  4 -  - -  : 0 ,  ( 1 3 )  

011 ~ ~1 0~l I s 0~ ~ 
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H 
R ~ 

U=r ~ = ~ } 0 4 ~ q ' ~ l '  (14) 

O2U H R ~ ( OU ]~ OU 
0~2 + - - - - V  cp t ~ a t  ] = an 

V =  pRcT h 1. (15) 
II M h - - h  o 

An a n a l y t i c a l  so lu t ion  of the p r o b l e m ,  with bound-  
a r y  condi t ions  (14) and (15), i s  in g e n e r a l  i m p o s s i b l e  
b e c a u s e  of the  g r e a t  m a t h e m a t i c a l  d i f f i cu l t i e s .  But 
we m a y  obta in  such a so lu t ion  by  making  a n u m b e r  
of a p p r o x i m a t i o n s .  

We m a k e  the fo l lowing a s s u m p t i o n s :  
02U ( OU ~ 2 

1. The coef f i c ien t s  of - -  and in the bound-  
ap \ a~ ] 

a r y  condi t ion  (15) a r e  cons tan t  and a r e  a s s u m e d  equal  
to t h e i r  m e a n  va lues  a long the c a p i l l a r y .  

2. The non l inea r  t e r m  in (15) i s  s m a l l  and is  taken  
into account  a s  a p e r t u r b a t i o n  in so lv ing  the p r o b l e m  
by  the method  of s u c c e s s i v e  a p p r o x i m a t i o n s .  B e c a u s e  
of t he se  a s s u m p t i o n s ,  the  examina t ion  is  l i m i t e d  to 
the c a s e  of s m a l l  changes  of ~0 a long the c a p i l l a r y  
( ~/~o << 1), and to s m a l l  i n t e r c h a n g e s  be tween  the 
l iquid  and v a p o r - p h a s e  f lows .  

The so lu t ion  of (13), with the a p p r o p r i a t e  bounda ry  
condi t ions  and the above  a s s u m p t i o n s ,  g ives  the  fo l -  
lowing f i r s t - o r d e r  a p p r o x i m a t i o n  f o r  the ~0 f i e ld  in the 
c a p i l l a r y :  

[ ( b  2 - -  ~1 = o ~  + c n ~ + 2 (~ - -  ~ )  + 

- k - ~  LnNn Io(an~l) ] 
n=1 Io (a) ' 

C =  H O2V R 2 th ~ n  - - ;  N n = sh ~n~ --- ch ~,~; 
2 ( 1 + 2 H )  l ~r 2 

l . ~ d k 
~n = an --~ - ' Ln = >n ~ -  {lkrt" (16) 

The quan t i t i e s  d k, f k ,  a k  a r e  d e t e r m i n e d  f r o m  the r e -  
l a t ions  

k 

Ok =- ~.~ okn Io (%____~) io (an~) = io (%~!) - -  
o=l to (%) 

k - - I  1 

i = !  0 

t 

, ,  = o , . .  lie,: = . [  ~: (~) d ~q = trio ~ ('~4, 
' Ile~ll ' 

0 

t, 1 2 -- H (a] - -  4) 
d,~ = 2okn%.  ~a = -~-, yn>t = 2 , 

w h e r e  o~ n a r e  the  r o o t s  of  the  equat ion  Ii(O~n) = -Hot  n x 
x Io(CXn); Io(~) , I107) a r e  B e s s e l  funct ions  of the f i r s t  
kind and of o r d e r  z e r o  and one.  

The i n c r e m e n t  of v a p o r  flow a long  the c a p i l l a r y  due 
to evapo ra t i on  f r o m  the f i lm is  g iven by  

2"~ R 2 p~ (h - -  ho) ~ RcTV 093 
A g v = - - h g l  = X 

3v M q~2 [1 + 2H] l 

n 

It fo l lows f r o m  the f o r m  of (16) tha t  the  equ ipo ten-  
t i a l  l i ne s  of the f i e ld  of q~ in the c a p i l l a r y  have a con-  
vex  c u r v a t u r e  t oward  the m e n i s c u s .  F o r  p h y s i c a l  con-  
d i t ions  in which a s s u m p t i o n s  1 and 2 a r e  va l id ,  the 
c u r v a t u r e  of the equipoten t ia l  l i ne s  i s  ins ign i f i can t .  

In the g e n e r a l  c a s e  the  so lu t ion  of the p r o b l e m  of 
m a s s  t r a n s f e r  be tween  p h a s e s  du r ing  e v a p o r a t i o n  
f r o m  a c a p i l l a r y  m a y  be  ob ta ined  n u m e r i c a l l y  by  ap -  
p ly ing  the bounda ry  condi t ions  ind ica ted .  

NOTATION 

qo i s  the r e l a t i v e  humid i ty  of a i r ;  l i s  the c a p i l l a r y  
length;  R is  the  c a p i l l a r y  r a d iu s ;  R c is  the u n i v e r s a l  
gas  constant ;  M i s  the  m o l e c u l a r  weight  of wa te r ;  v 
i s  the v i s c o s i t y  of wa te r ;  p is  the de ns i t y  of wa te r ;  a 
i s  the s u r f a c e  t ens ion  of wa t e r ;  h i s  the t h i c k n e s s  of 
f i lm  of w a t e r  on c a p i l l a r y  wal l ;  h 0 is  the  t h i ckness  of 
s t a t i o n a r y  f i l m  of wa t e r ;  II i s  the  d i s jo in ing  p r e s s u r e  
of w a t e r  in f i lm;  g is  the f lux dens i ty ;  L i s  the  phase  
conduct iv i ty ;  D is  the  d i f fus ion coef f i c ien t  fo r  w a t e r  
v a p o r  in a i r ;  P i s  the b a r o m e t r i c  p r e s s u r e ;  Ps is  the  
p r e s s u r e  of s a t u r a t e d  w a t e r  vapor ;  T is  the t e m p e r a -  
t u r e .  Subsc r i p t s  v, l denote ,  r e s p e c t i v e l y ,  v a p o r  and 
l iquid  phases ;  0 and m a r e  the  c o o r d i n a t e s  of the ou t -  
l e t  and  the m e n i s c u s  of the c a p i l l a r y .  
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